We determine the automorphism groups for each simply connected three-dimensional Lie group.
Introduction
A nonzero Borel measure on G invariant under left multiplication is called a left Haar measure on G. If G is a Lie group, then a left Haar measure always exists and any two left Haar measures on G are propositional. The Lie group G is unimodular if every left Haar measure is a right Haar measure and vice versa. It is known that G is unimodular if and only if | det Ad(t)| = 1 for all t ∈ G if and only if the trace of ad(X) is zero for all X in its Lie algebra g if and only if g is unimodular. The abelian, compact, semisimple, reductive, nilpotent Lie groups are well-known examples of unimodular Lie groups.
There are six simply connected three-dimensional unimodular Lie groups: the abelian Lie group R 3 , the nilpotent Lie group Nil, the special unitary group SU(2), the universal covering group PSL(2, R) of the special linear group, the solvable Lie group Sol and the universal covering group E 0 (2) of the connected component of the Euclidean group. There are uncountably many nonisomorphic it non-unimodular three-dimensional Lie groups. These are all solvable and of the form R 2 ϕ R where R acts on R 2 via a linear map ϕ.
The investigations described here were motivated by the paper [1] in which it is classified, up to automorphism, of the left invariant metrics on the real Heisenberg group.
In this paper, we determine the group of full automorphisms for each simply connected three-dimensional Lie group. This leads to the classifying up to automorphism of the left invariant metrics on all simply connected threedimensional Lie groups [2] .
Main Results

The abelian Lie algebra R 3
In the abelian case the Lie algebra is isomorphic to R 3 . We choose the canonical basis {X, Y, Z} in the Lie algebra R 3 where
Since the Lie bracket is trivial, immediately we have:
The Heisenberg Lie algebra n
In the nilpotent case the Lie algebra is isomorphic to the Heisenberg Lie algebra n of all 3×3 strictly upper triangular real matrices. Choose the canonical basis {X, Y, Z} in n where
Proof. An automorphism on n must map the center Z(n) = Z ∼ = R 1 onto itself. Hence it maps the basis {X, Y, Z} of n as follows:
The unimodular solvable Lie algebra R
In the unimodular solvable case the Lie algebra of (2.1.3.a) is isomorphic to the semidirect product R 2 σ R, where σ(t) = t 0 0 −t . We can choose the
σ R where
where α, β, γ, δ are real numbers with αβ = 0.
In the unimodular solvable case the Lie algebra of (2.1.3.b) is isomorphic to the Lie algebra R 2 so(2). We choose a basis {X 1 , X 2 , X 3 } of s 2 , where
Proposition 2.4. The Lie group Aut(R 2 so(2)) is isomorphic to
where (2)). With respect to the basis {X 1 , X 2 , X 3 } ϕX j = a 1j X 1 + a 2j X 2 + a 3j X 3 for some a ij . As a matrix, 
The simple Lie algebra sl(2, R)
In the simple case the Lie algebra of (2.1.4.a) is isomorphic to the Lie algebra sl(2, R) of all 2 × 2 matrices of trace 0. We choose a basis {X 1 , X 2 , X 3 }, where
Proposition 2.5. The Lie group Aut(sl(2, R)) is isomorphic to SO(1, 2).
Proof. Let ϕ ∈ Aut(sl(2, R)). With respect to the basis {X 1 , X 2 , X 3 }, 
The simple Lie algebra so(3)
The simple Lie algebra of (2.1.4.b) is isomorphic to the Lie algebra so(3) of all 3 × 3 skew symmetric matrices. We choose the following basis {X 1 , X 2 , X 3 }, where
Proposition 2.6. The Lie group Aut(so(3)) is isomorphic to SO(3).
Proof. Let ϕ ∈ Aut(so(3)). With respect to the basis {X 1 , X 2 , X 3 } ϕX j = a 1j X 1 + a 2j X 2 + a 3j X 3 for some a ij . As a matrix, 
The non-unimodular solvable Lie algebras
All three-dimensional non-unimodular Lie algebras are solvable. By (2.1.5), such a Lie algebras is isomorphic to either g I or g c for some c ∈ R where g I is the Lie algebra of (2.1.5.a) and g c is the Lie algebra of (2.1.5.b). In fact,
with a basis
(2) For each c ∈ R, the Lie group Aut(g c ) is isomorphic to
Proof. (2) Let ϕ ∈ Aut(g c ). Suppose that, with respect to the basis {X, Y, Z}, 2 and so a 33 = 0 or a 33 = 1, a contradiction.
